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Abstract

Massive black holes can grow in the presence
of dark-matter environments and form dark-
matter spikes with large densities. When a
massive black hole within a dark-matter en-
vironment is part of an inspiral with a sec-
ond compact object, the environmental ef-
fects will be imprinted on the system’s dy-
namics. Past work studying these systems
has demonstrated dynamical friction from
the dark-matter distribution can have mea-
surable impacts on the binary inspiral rate.
The emitted gravitational waves will be af-
fected in turn; given that they will be in the
observable band for upcoming space-based
detectors like LISA, the dynamics of dark
matter on these scales can be understood
precisely. To enhance waveform modeling,
we overview a generalization of dynamical
friction suitable for spherical systems. Mo-
tivated by the observation that the Chan-
drasekhar formula fails to capture some de-
tailed features of dynamical friction for these
systems, we explore and apply the theory of
spherical torques. After outlining the deriva-
tion of the torque formula, we present strate-
gies to evaluate the torque. With a careful
combination of these integration strategies,
we present a methodology for determining
the torque, including contributions at high
multipole order while maintaining computa-
tional efficiency.

1 Introduction

Observations of gravitational waves from
compact-object mergers serve as one of the
most promising avenues for learning about
astrophysical systems and have provided a
new messenger to complement electromag-
netic studies. Here, we focus on merg-
ers of stellar-mass black holes and neutron
stars with supermassive black holes in nu-
clear clusters, which may be observed by up-
coming space-based gravitational-wave de-
tectors. The signals from these sources will
serve as very sensitive probes of the physi-
cal conditions of their environments. As a
result, they offer a fantastic opportunity to
probe the astrophysical processes in galac-
tic nuclei. Cosmological simulations predict
that massive black holes may be surrounded
by dense dark-matter halos, suggesting that
these environments may alter the dynamics
around these black holes. As such, the effects
of a dark matter halo may be imprinted on
the gravitational-wave signal from inspirals
in these systems. Quantifying these effects
is important both for proper modeling of the
gravitational signal and for extracting useful
science about the environment from obser-
vations.
Of the potential environmental effects

from dark matter, dynamical friction is the
primary mechanism through which the com-
pact object loses energy and angular momen-
tum to the collisionless background. This
effect can be modeled as a series of cumula-
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tive gravitational scatterings of the medium
off the massive object under consideration.
When the individual components in the dis-
tribution (in this case, dark-matter par-
ticles) are considerably less massive than
the object under consideration (namely, the
lighter black hole among the binary), this
tends to act as a frictional drag-like effect:1

Mp
dvp
dt

= −
4πG2M2

p

v2p
log Λρ(v < vp) (1)

where Mp is the mass of the perturber, vp is
the velocity of the perturber, and ρ(v < vp)
denotes the density of masses moving more
slowly than the perturber. log Λ, known as
the Coulomb logarithm is a factor dependent
on the minimum and maximum impact pa-
rameters, which is present to regularize the
scattering integral at small and large impact
parameters.

Dynamical friction has wide applications
in astrophysics and has seen considerable
success in reproducing observed orbital de-
cay rates in a wide variety of systems. How-
ever, the formalism for dynamical friction
was derived assuming uniform, linear mo-
tion through an infinite medium, something
for which cyclic orbital motion through a
finite-sized distribution, as is the case for
an inspiral, is a poor approximation. While
the näıve application of dynamical friction
in orbital-type systems has proven to give
surprisingly accurate results when compared
against observational data, there are never-
theless situations in which it fails. Notably,
the definition of the Coulomb logarithm Λ is
derived assuming scatterings within a New-
tonian potential assuming a linear medium
with scattering interactions, which do not
strictly happen in an orbital-type system.
This introduces theoretical uncertainty into
its application for these systems. A more
physically-grounded description of dynami-
cal friction in spherical systems is essential

for robust modeling of the environmental ef-
fects.
Weinberg7 presented a formalism suitable

for computing the equivalent of dynamical
friction in spherical systems. In this frame-
work, dynamical friction arises from reso-
nant exchanges of angular momentum be-
tween the perturber and the background dis-
tribution. This approach provides a phys-
ically motivated interpretation of the effec-
tive Coulomb logarithm in terms of the sys-
tem’s resonance structure. As such, it pro-
vides a more accurate and self-consistent de-
scription of dynamical friction applicable for
these systems.
In this report, we develop the formalism

for spherical torques and apply it to the case
of binary black holes embedded in a dark-
matter halo. This refined treatment can con-
tribute to improving models of dynamical
friction in the case of compact-object inspi-
rals.

2 Derivation of the Torques

In this section, we overview how we arrive at
the formula for spherical torques. We largely
follow the work of Kaur5 to arrive at the gen-
eral form of the torques, which is applicable
for an arbitrary potential. We then special-
ize to the binary compact-object system of
interest.
We take the dark matter halo to

be described by a (time-dependent)
six-dimensional distribution function in
position-velocity phase space f(x, v, t), and
the potential under which the distribution
function evolves by Φtot. This potential is
comprised of the self-consistent potential
of the unperturbed, spherically-symmetric
background, Φ0, as well as that from an
external force (namely, the gravitational
action of the secondary compact object),
which we denote Φext (and which will be the
relevant potential for the calculation of the
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Figure 1: Schematic of the classical orbital ele-
ments. The vector n is normal to the orbital plane,
which is offset from the x-y plane by the inclination
(ι, denoted here as i). The longitude of the ascend-
ing node (Ω) denotes the displacement of the line of
nodes (intersecting the orbit at N) from the x-axis,
while the argument of periapsis (ω) denotes the an-
gle from N to apoapsis (at C) in the orbital plane.
The IMBH is placed at O. This illustration is taken
from Goldstein.2

torque).
We perform a canonical transformation to

switch from position-velocity variables into
action-angle variables, which will be more
suited to the orbital-type system of interest.
We select the classical Delauney variables.
They may be expressed in terms of the as-
tronomical elements according to

w1 = Ω J1 = J2 cos ι = Lz (2)

w2 = ω J2 = J3
√
1− e2 = L (3)

w3 = w3 J3 =
√
Gm1a (4)

L is the total angular momentum of the sec-
ondary, while Lz is its projection on the z-
axis, and J3 is the radial action. The central
supermassive black hole has mass m1 and
fully determines the Keplerian component of
the system’s motion. Ω is the longitude of
the ascending node, ω is the argument of pe-
riapsis, and w3 is the mean anomaly of the
orbit.2 Fig. 1 illustrates several of the an-
gles. The unperturbed frequencies in these
variables are given by dwi/dt = Ωi, for i
ranging from 1 to 3.
The torque τz on the perturber can be

identified by examining the evolution of the
ϕ component of the orbital motion of the sec-

ondary, where we use the standard definition
of spherical coordinates (r, θ, ϕ).

τz =

∫
drdv

∂Φext

∂ϕ
f(r,v)

=

∫
dwdJ

∂Φext

∂w1

f(w,J) ,

(5)

after switching to the action-angle variables.
We note that Equation (5) implies the torque
is second order in the perturbation (since∫
dϕ∂Φext/∂ϕ = 0). Similar to the linear

case of standard dynamical friction, the sec-
ondary induces a perturbation in the distri-
bution, which then acts on the secondary.
Taking the Fourier transform in the wi an-

gles and assuming the perturbation amasses
over a long timescale, we arrive at, after sev-
eral intermediate steps outlined in Kaur,5

τz = −
∑

n1,n2,n3

n2
1Ω3

∫
dJdw

× df

dE
πδ(n ·Ω)|Φext|2

(6)

as the expression for the torque, where the
ni indices categorize the Fourier transform
in the wi angles, with n ·Ω = n1Ω1+n2Ω2+
n3Ω3.
Next, we specialize Eq. (6) to the perturb-

ing potential of interest, being that of a com-
pact secondary of mass m2 rotating about
the center of mass (the primary) with a Ke-
plerian velocity ΩK =

√
Gm1/(r2)3 = −Ω3,

where r2 is the binary’s orbital separation.
Näıvely, we may assume that due to the
disparate length scales of the system (i.e.
the orbital scales of the secondary perturber
or dark matter particle vs the physical size
of the perturber), we can approximate the
potential as the Newtonian potential of a
point mass of mass m2. However, Weinberg9

demonstrated that the torque from a per-
turbing point mass diverges. For this reason,
we will instead consider a Plummer potential
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with a length scale b, which we take to corre-
spond to the physical size of the secondary.
The potential then has the form

Φ(r⃗) = − Gm2√
r2 + r22 − 2rr2 cos γ + b2

, (7)

where γ is the angle between the radius vec-
tors for the secondary and the field point. To
make the expression more tractable analyti-
cally, we introduce the variables

rα = 1/
√
2 [r2 + r22 + b2

+
√

(r2 + r22 + b2)2 − 4r2r22

]1/2
(8a)

rβ =
rr2
rα

(8b)

This restores the expression to the familiar
form

Φ(r⃗) = − Gm2√
r2α + r2β − 2rαrβ cos γ

. (9)

Recognizing rα ≥ rβ and boosting to the co-

rotating frame, we have

Φ(r⃗, t) =
∞∑
l=1

l∑
m=−l

Φlm(r)Ylm(θ, ϕ− ΩKt)

(10)
such that

Φlm(r) =
4πGm2

2l + 1

rlβ
rl+1
α

Y ∗
lm(π/2, 0). (11)

For our system, dw2/dt = 0, and there-
fore Ω2. With this, the resonance condition
δ(n·Ω) fixes the semi-major axis value at a =
(n3/n1)

2/3r2. After several more steps, in-
cluding implementing this resonance condi-
tion, Fourier transforming in mean anomaly
w, and integrating in phase space, the final
expression for the torque becomes

τz =
∞∑
l=1

l∑
n1=1

l∑
n2=−l

∞∑
n3=1

τn1,n2,n3,l , (12a)

with the coefficients τn1,n2,n3,l given by

τn1,n2,n3,l =
512π4G3m1m

2
2(r2)

3

3
ΩK

n3

(2l + 1)3
|Yln1(π/2, 0)Yln2(π/2, 0)|

2

×
∫ 1

0

de
df

dE
e

∣∣∣∣∣
∫ π

0

dψ(1− e cosψ) cos(n2ν(ψ)− n3w3(ψ))
rlβ
rl+1
α

∣∣∣∣∣
2

,

(12b)

where ν(ψ) is the true anomaly as a func-
tion of the eccentric anomaly.

This torque corresponds to a drag force as
τz = r2Fd, with

Fd = −4π

(
Gm2

v2

)2

log Λρ(v < v2). (13)

By relating the two quantities, we may de-
termine the effective Coulomb logarithm of
the system.

3 Computational Methods

The evaluation of Eq. (12a) requires the
nested sum of a two-dimensional integral (ec-
centric anomaly ψ and eccentricity e) over
the quadruple of indices {n1, n2, n3, l}. This
formally describes a quadruple infinite sum.
In practice, we must truncate the sums in
Eq. (12a) for finite values of n1, n2, n3, and l
and estimate the error in this cutoff by iden-
tifying the asymptotic behavior of the inte-
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gral in each of these indices.
We express the position of the secondary

in terms of the eccentric anomaly ψ.

r = r(ψ) = a(1− e cosψ)

= (n3/n1)
2/3r2(1− e cosψ),

(14)

where in the third equality we use the reso-
nance condition described in Sec. 2.
We denote the ψ integral in Eq. (12b) as

I:

I(e) =

∫ π

0

dψP (e, ψ) exp(−lg(ψ; e)) , (15)

where we rewrote rlβ(ψ)/r
l+1
α (ψ) in

an exponential form, with g(ψ; e) =
log(rα(ψ)/rβ(ψ)) and P (e, ψ) =
(1 − e cosψ) (rα(e, ψ))

−1 cos(n2ν(e, ψ) −
n3w3(e, ψ)).
It will prove useful to determine where the

majority of the contribution comes from in
the integral over eccentricity. This will pre-
dominantly be driven by where the maxi-
mum of g(ψ; e) is. As such, we wish to
determine where g(ψ; e) reaches its maxi-
mum value, ψ = ψ0, or equivalently where
g′(ψ = ψ0; e) = 0, where g′(ψ; e) denotes the
derivative of g(ψ; e) with respect to ψ, evalu-
ated at ψ = ψ0. A simple calculation reveals
that this occurs when

r(ψ = ψ0) = (n3/n1)
2/3r2(1− e cosψ0)

= r2
√

1 + (br2)
2

(16)

giving

ψ0 = arccos
(ecrit
e

)
, (17)

where we defined br2 ≡ b/r2 and

ecrit ≡
∣∣∣1− (n3/n1)

−2/3
√
1 + (br2)

2

∣∣∣ . (18)

That is, for fixed n3/n1 and br2 , there only
exists a real-valued ψ0, and by extension a
maximum of g(ψ; e) within the range of in-
tegration in ψ, for e ≥ ecrit. With Eq. (17),
g(ψ0) = log

(
br2 +

√
1 + b2r2

)
.

3.1 Weinberg Approximation

Weinberg9 notes that the potential term
(rβ/rα)

l is sharply peaked near r = r2 in the
limit of large l, and expands r = r2(1 + ϵ).
Taking O(br2) = O(ϵ),

rlβ
rl+1
α

≈ 1

r2

(1 + ϵ)l[
1 +

(
1 +

√
ϵ2 + b2r2

)]l+1/2
, (19)

and noting that most of the contribution
comes from the region ϵl ≤ 1 they find

rlβ
rl+1
α

∝ 1

r2
e−l

√
ϵ2+b2r2 . (20)

This approximation predominantly assumes
that most of the contribution to the torque
comes from particles whose trajectories cross
the pertrubers’s orbit, and it highlights low-l
modes in which the perturbation potential is
locally smooth.
Expanding instead around r = r(ψ0)

and defining ϵ ≡ (r(ψ) − r(ψ0))/r2 =
−e(n3/n1)

2/3(cosψ − cosψ0)/br2 , we have

IWein(e) =

∫ π

0

dψP (e, ψ) exp
(
−lbr2

√
1 + ϵ2

)
(21)

where here P (e, ψ) = (1 −
e cosψ) cos(n2ν(ψ) − n3w3(ψ))/r2. This
serves as an alternative expression for the
integral over ψ.

3.2 Saddle Point Approximation

Due to the small physical size of the per-
turber relative to the system (equivalently,
the small br2), we anticipate needing to go
to high l for the sum in Eq. (12a) to con-
verge. As such, we must consider the high-
l limit. This regime is challenging to han-
dle properly, since the ψ integral becomes
highly peaked around ψ0, which we antici-
pate will occur when l ∼ 1/br2 . Additionally,
for large n2 and n3, the function may also be
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highly oscillatory within this peak; this fea-
ture comes from the cos(n2ν(ψ) − n3w3(ψ))
factor within P (e, ψ). Both of these fea-
tures significantly complicated the analysis,
as numerical integration becomes computa-
tionally difficult in this regime. For this rea-
son, in this subsection, we explore a method
to analytically compute the integral over ψ.
In particular, we apply the method of steep-
est descent, in which the integral becomes a
contour integral over the complex plane.
Consider a complex argument of the ex-

ponential g(z) = u(z) + iv(z), where u and
v are real functions, which are functions of
a complex argument z. In this method, we
first determine the stationary points zs,i of
g(z) (i.e. where both u(zs,i) = 0 = v(zs,i)).
We then seek to smoothly deform the origi-
nal contour along the real axis into one which
passes through at least one of these station-
ary points z = zs and on which v(z) is con-
stant. Along this contour C, the function
is no longer oscillatory and we may perform
Laplace’s method of integration on u(z), cen-
tered on zs.
We now construct the argument for the ex-

ponential function for this method. Here, we
include the factor of cos(n2ν(ψ)− n3w3(ψ))
in the argument. To simplify closing the
contour when evaluating in the complex ψ
plane, in this subsection we evaluate the in-
tegral with bounds −π ≤ ψ ≤ π. The inte-
gral is of the form

I(e) =
1

2

∫ π

−π

dψP (e, ψ) exp(−lg(ψ; e)) .

(22)
If we additionally assume that n2 and n3

scale with l (and likewise assume that they
are large), then we may write:

g(ψ; e) =− log(rα(ψ)/rβ(ψ))

− i(N(ν(ψ)− ζw3(ψ)))
(23)

for the generalization of Eq. (15), with
P (e, ψ) = (1 − e cosψ)(rα(e, ψ))

−1. Alter-

natively, we have

g(ψ; e) =− br2
√
1 + ϵ2

− iN(ν(ψ)− ζw3(ψ)))
(24)

for the generalization of the Weinberg form
in Equation (21), with P (e, ψ) = 1− e cosψ.
Here, Nl = n2 and ζn2 = n3, and by exten-
sion 0 < N < 1 and 0 < ζ. As such, we can
parameterize the ni indices in terms of one
large index l, as a function of one variable ψ.
While the method of steepest descent may

be applied to either of the cases consid-
ered (that is, either using Equation (23)
or (24)), in practice we only apply this
method using Equation (24) as the function
in the exponential. The added complexity of
Equation (23), particularly in the additional
branch cuts introduced due to the logarithm
and the square root in Eq. (8a), makes de-
termining the appropriate contours for the
saddle point method considerably more chal-
lenging. Since the Weinberg exponent is
simpler, and we are interested in the high-l
regime where this approximation is valid, we
only consider Equation (24) for this method.
To compute I(e) using the method of

steepest descent, we determine a closed loop
of curves which includes the original curve on
the real axis from−π < ψ < π and which ad-
ditionally passes through two saddle points,
and from this we compute the integral us-
ing Laplace’s method centered on each of the
saddles.

3.3 Integral over eccentricity

Having overviewed the strategies for approx-
imating the integral over ψ, we turn next to
the remaining integral over eccentricity.
In Fig. 2, we plot the integral I(e) given

in Eq. (21) with n1 = n2 = 10, n3 = 15,
and brs = 1/3000. In the left panel, we
plot the contribution for l = 10, while in
the right we use l = 100. We notice that
I(e) is oscillatory in its argument, and that
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Figure 2: I(e) for two sets of indices. Plots of the integral given in Equation (15) for two values of l:
l = 10 (left) and l = 100 (right). The values of the parameters are n1 = n2 = 10, n3 = 15, and brs = 1/3000.
We mark e = ecrit with a light vertical gray line. More detailed discussion about the figure appears in the
text of Sec. 3.3.

it is peaked near ecrit, particularly as l in-
creases. Furthermore, I(e) falls off quickly
for e < ecrit in the right panel, which is a gen-
eral result for large l. As given in Eq. (12b),
the lower bound of integration in eccentric-
ity is e = 0. However, the above observa-
tion suggests that the 0 ≤ e < ecrit region of
parameter space is highly suppressed in for
large l. Given that the saddle point method
is valid in the high l regime, when consid-
ering this method we take the lower bound
in eccentricity to be ecrit. When considering
the torque when computing the full numer-
ical integral or using the Weinberg approxi-
mation, we maintain the lower bound at 0.

On the other hand, we restrict the upper
bound in eccentricity in line with the find-
ings by Wade.8 It was noted there that,
for particle trajectories to be stable over an
orbital period, they must not plunge into
the central black hole. The defining quan-
tity was a critical angular momentum of the
particle Jmin. We may relate the orbital an-
gular momentum to the orbital elements as
J =

√
Gm1a(1− e2). Thus, a minimum an-

gular momentum in the distribution trans-
lates to a maximum allowed eccentricity. Us-
ing the resonance condition for the semima-
jor axis a and using Jmin =

√
8Gm1/c, we

set the upper bound in eccentricity emax to

be

emax =

√
1− 8Gm1

c2
1

(n3/n1)2/3r2
. (25)

Hence, for the integration bounds, we use
e ∈ [0, emax} for the full numerical inte-
gral and Weinberg approximation and e ∈
[ecrit, emax} for the saddle point method.
Functionally, Sec. 3.2 provides a method of

analytically computing the ψ integral (that
is, it provides an analytical expression for
I(e).) When computing the torque directly
using Eq. (15) or with (21), we must com-
pute the ψ integral numerically. For all
cases, we compute the final integral over ec-
centricity numerically after computing the ψ
integral.

3.4 Conditions on ni indices

Before moving to compute the torque using
the prescription outlined previously, we fin-
ish by determining the range of values that
the ni indices may take.
The indices n1 and n2 are set according to

the spherical harmonic factors in Eq. (12b),
in which they run from −l to l. Because of
the resonance condition in semimajor axis,
we restrict n1 (as well as n3) to be positive
and nonzero. There is no such condition on
n2, which we take to have either sign and
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may be 0. However, n1 and n2 must each
have the same parity as l for the torque to
be nonzero.
Eq. (16) gives the condition for the exis-

tence of the extrema ψ0, meaning that for
(n3/n1)

2/3
√
1 + brs > 2, there does not exist

a real ψ0. Since the majority of the con-
tribution comes from sets of {n1, n2, n3} in
which there exists a real ψ0, we restrict to

(n3/n1) <
(
2(1 + brs)

−1/2
)3/2

.
Together, we have the following bounds:

n1 ∈ {k ∈ Z : 1 ≤ k ≤ l and k ≡ l (mod 2)}
(26a)

n2 ∈ {k ∈ Z : −l ≤ k ≤ l and k ≡ l (mod 2)}
(26b)

n3 ∈ N = {1, 2, 3, . . .} (26c)

with the additional constraints imposed by
the condition (n3/n1) < (2/

√
1 + brs)

3/2.

4 Results

We now turn to evaluating the torque given
in Eq. (12a) for a representative system. In
this section, we consider a binary with m1 =
103M⊙, m2 = 10M⊙, and b = 2Gm2/c

2.
We place the secondary at r2 = 30Rs, where
Rs = 2Gm1/c

2, which yields br2 = 1/3000.
We consider a distribution function that de-
pends only on specific energy and corre-
sponds to a power law density,

f(E) =γsp(γsp − 1)

(2π)3/2
Γ(γsp − 1)

Γ(γsp − 1/2)

×
(
rspE
Gm1

)γsp

ρspE−3/2.

(27)

The power law γsp falls in the range
[9/4, 5/2],3 and we take γsp = 7/3 with the
normalization ρsp = 200M⊙/pc

3. The pa-
rameter rsp is given in terms of m1, γsp and
ρsp

6 as

rsp ≈
[
(3− γsp)0.2

3−γspm1

2πρsp

]1/3
. (28)

We evaluate the torques using a Mathe-
matica script4 written by the author.
In Fig. 3, we plot τn1,n2,n3,l (given by

Eq. (12b)) for different values of l for the
four methods described in Sec. 3: numeri-
cal integration of the original integral (using
I(e) from Eq. (15)) in blue, numerical evalu-
ation of Weinberg’s approximation to the ex-
ponent (Eq. (21)) in orange, and the saddle
point method of evaluating Eq. (21) (as de-
scribed in Sec. 3.2) in gray. In the left panel,
we use the triplet {n1, n2, n3} = {1, 1, 1},
while in the right we use {n1, n2, n3} =
{2400,−3000, 3250}. We examine the for-
mer before moving to the latter.
For the case of n1 = n2 = n3 = 1, we ob-

serve that the full numerical and Weinberg
results (blue and orange lines, respectively)
agree well for small l, though they disagree
for large l (l > 103). This is because the
evaluation of the full integral becomes in-
accurate, as the integrand in Eq. (15) be-
comes increasingly sharply peaked and this
peak is missed by numerical integration. At
large l (l > 3 × 103), we observe that the
saddle point method results approach those
with the Weinberg approximation.
For the case of n1 = 2400, n2 = −3000,

n3 = 3250, we begin at larger value of l
(given that n2 = −3000 requires l ≥ 3 ×
103). The Weinberg and saddle point meth-
ods agree well through the entirety of the
range, ranging from a ∼ 10% difference at
l = 3 × 103 to a ∼ few% difference at
l = 105. When directly integrating with-
out any approximations, the result is every-
where underestimated (though, again, it can
be shown to agree with the Weinberg result
by enforcing a sufficiently large internal pre-
cision when numerically integrating.)
We return to the left panel of Fig. 3.

Closer examination for small l suggests that
the full numerical integral and Weinberg
methods do not agree well for the smallest
values of l, but do at slightly larger values.
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Figure 3: Torque values as a function of l for two triplets of {n1, n2, n3} with different computa-
tional methods. Values of τn1,n2,n3,l (Eq. (12b)) as a function of l for two representative triplets of the n
indices: left : n1 = n2 = n3 = 1, and left : n1 = 2400, n2 = −3000, n3 = 3250, given in CGS units. Each color
corresponds to a different computational strategy. τn1,n2,n3,l is evaluated at 15 points for a given method,
which are denoted by dots and are connected by intermediate lines. The blue line is the torque computed
using the full numerical integral, while the orange is that using the Weinberg approximation. The gray line
corresponds to the saddle point method of integration. More detailed discussion about the figure appears in
the text of Sec. 4.

This reflects the fact that the Weinberg ap-
proximation is based on an expansion of the
contribution around r(ψ0), and is therefore
most accurate when the majority of the in-
tegrand of I(e) is localized around ψ = ψ0.
This becomes a better assumption as l in-
creases, and is not well satisfied for the low-
est l values. For this reason, we expect the
Weinberg method to accurately approximate
the full integral as l increases. Indeed, by in-
creasing the resolution of the numerical in-
tegrator within Mathematica (namely, in-
creasing the internal precision at which it
carries out its calculations), we find that the
results for the full numerical integral and the
Weinberg approximation can be shown to
agree for large l, implying the Weinberg ap-
proximation accurately captures the torque
for this triplet of ni indices. However, eval-
uating the full integral with this precision is
considerably less efficient and takes signifi-
cantly more time to evaluate. For this rea-
son, we use the Weinberg result where it is
valid, as opposed to the full integrand.

The ultimate goal is to identify a scheme
for evaluating the torque across values of the
l and ni indices. As seen in Eq. (12a), we

must sum over the three ni indices as well as
l. Fig. 3 suggests that the torque smoothly
changes (for fixed {n1, n2, n3}) as l is in-
creased. Therefore, for fixed {n1, n2, n3}, we
may evaluate the torque for different values
of l, selecting the appropriate method for in-
tegrating the integral over ψ. The above dis-
cussion suggests that the full numerical in-
tegral may be used at the lowest values of
l until it sees a sufficient level of agreement
(a ∼ few% level) with the Weinberg approx-
imation, or at most l ∼ 1/brs . The Wein-
berg approximation will be valid to high l,
but becomes computationally expensive as
l increases and may become inaccurate to
evaluate numerically, since the integrand in
Eq. (15) becomes very sharply peaked in this
regime. Therefore, we recommend switching
to an analytic expression for I(e) for these
values of l. Fig. 3 suggests that saddle point
method is a good approximation in this lim-
its. This scheme will work across l and can
be used for when evaluating over other val-
ues of the ni indices.
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5 Conclusions

In this chapter, we discussed an application
of resonant torque theory to the inspiral of
compact objects. We noted that classical dy-
namical friction may fail for spherical sys-
tems, and introduced spherical torque the-
ory as an alternative. We then constructed
the expression for spherical torques, and
specialized this expression to the compact-
binary system of interest, reducing it to
quadruple sum of two-dimensional integrals.
Given the numerical challenges posed by
having a compact object source the per-
turbations (namely, contributing to difficul-
ties related to convergence of the sum over
Fourier modes), we explored computational
methods to facilitate faster evaluation of the
relevant integrals across multipole orders, la-
beled by l. In doing so, we identified regions
of l which are well captured by different in-
tegration strategies, which can then be used
when summing up the terms to compute the
final torque at a given orbital separation.
A natural next direction for this work is

in finalizing the sum over the ni and l in-
dices, as suggested by Eq. (12a). Given the
semi-infinite sum over four indices, careful
consideration about the asymptotics of the
sum should be taken. This will give the fi-
nal value for the torque, which may be com-
pared against the Chandrasekhar expression
to calibrate the Coulomb logarithm.
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