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Abstract

Cross-entropy benchmarking (XEB) has been a prominent figure of merit for random cir-
cuit sampling (RCS) quantum advantage tests for the past decade. While high scores on the
simplest form of XEB are classically achievable, the metric still warrants study as a diagnostic
for random quantum circuit performance in the presence of realistic noise channels in near-
term hardware. However, analytic work on XEB has proved difficult due to the intractability
of existing theoretical tools focused on discrete random circuit models, especially past the
case of linear order XEB. To address this issue, we present Brownian random circuit sam-
pling, which addresses these concerns and makes future exploration into XEB measures much
simpler. We model random unitary gates as all-to-all Brownian 2-body gates with couplings
obeying a Gaussian distribution. By disorder-averaging over these couplings, we can derive
a partition function expression for the output-averaged linear XEB, enabling a statistical me-
chanics treatment. We explore how the addition of noisy corrections to this partition function
breaks the underlying symmetries of this model, the impact of which can be both derived and
explained via mean-field theory. This paper establishes a set of theoretical tools that will be
extended to more complicated cases in forthcoming work.

Introduction

Since the conceptualization of quantum
computing a half-century ago', a major area of
research has been the development of tasks and
benchmarks for these computers. These can
both compare performance to classical
machines and provide experimentally relevant
metrics of noise resilience, both of which are
key for machines in the current era of noisy
intermediate-scale quantum (NISQ)
computing?. One of the canonical examples of
this is random circuit sampling (RCS), a task
relying on quantum chaos that is difficult to
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simulate on classical processors. RCS was the
foundation of one of the first widely publicized
results in experimentally realizable quantum
advantage on Google’s Sycamore processor?,
using a formalism called cross-entropy
benchmarking (XEB)* to compare to the best
available classical results in reconstructing the
output probability distribution of a brickwork
circuit of random unitary gates. However, it is
unclear whether XEB-type measures can
genuinely certify quantum advantage. For
example, in the Sycamore case, the claimed



quantum speedup was as high as millennia in
the largest considered case, but these results
were rapidly mitigated® and later work
demonstrated that classical algorithms could
produce good XEB marks at linear order
without the need to obtain samples from
genuine quantum hardware®. Further research
is needed to investigate XEB measures for
near-term quantum advantage verification in the
pre-fault tolerance era.

Additionally, there remains gaps in the
literature regarding the analytic structure of
XEB measures. While such measures can be
computed with tools from random matrix
theory for an infinite depth circuit, the
conventional models of the field (usually built
using discrete random circuits) lack the
analytical tractability to allow for systematic
study of higher-order benchmarks such as
nonlinear cross-entropy. It is for this reason that
most work on XEB only considers the lowest
moments, which limits our a priori
understanding observed XEB trends
generically, and thus limits the utility of XEB
as a measure.

This work proposes addressing these
problems by replacing the brickwork of random
unitaries with an all-to-all unitary evolution in
continuous time, based on random 2-body
interactions with a zero-mean, Gaussian

distributed random couplings’®. The appeal of
this method is that it maps finite-depth random
circuit calculations onto a statistical mechanics
problem that we can treat with mean-field
theory and saddle point evaluation. The impact
of this is threefold: First and most importantly,
it enables the calculation of nonlinear XEB
moments for a finite-depth circuit, a unique
feature of this model. Second, it introduces a
finite depth 7" as a continuously tunable
parameter, which allows us to model measures
like XEB for both shallow-depth and
large-depth circuits within the same framework.
Third, the simplicity of this formalism allows
for incorporating corrections such as common
noise channels and higher-body interactions
with ease. We additionally discuss and apply
the diagrammatic language of random matrix
theory by adapting it for saddle point
classification, which makes behaviors such as
symmetry breaking and phase transitions clear
and visually intuitive. The explanation and
development of these methods enables for both
forthcoming analytical calculations as well as
ease of modification to incorporate more exotic
noise channels and higher order XEB moments
into analytically tractable models that are
beyond the reach of other theoretical tools. This
opens the door to further studies on how
real-world factors can impact the behavior of
these metrics.

Background Theory

The interest in random unitary circuit sampling
as a task for benchmarking quantum computers
derives from their chaotic output statistics - in
particular, if the probability p of measuring an
output string (x| from a circuit U given an input
state |0) are p = | (x| U |0) |?, these
probabilities are distributed according to the
Porter-Thomas distribution:

P(p) = de™ (1)
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where d = 2" is the dimension of the Hilbert
space considered. This distribution occurs in
known chaotic physical systems®!?, and is a
characteristic signature of a chaotic unitary
process. Arguments from complexity theory!!
support the idea that the transition probabilities
generated by such a circuit are in general
exponentially hard to classically predict, as the
complexity of simulating quantum chaotic



dynamics on a circuit with fixed n scales
exponentially with system size.

Often, RCS modelers will use a discrete
circuit that matches these chaotic statistics at
low central moments. This low-moment
approach works for computing metrics such as
averaged linear XEB thanks to this alignment.
However, discrete random circuit cannot
computegeneral XEB measures, such as a
nonlinear XEB moment or flucatuations in the
linear XEB. We develop a formal analysis of
XEB calculations that address these difficulties
with discrete circuit calculations below.

Calculations of random circuit dynamics are
facilitated by the “replica trick”!? and
disorder-averaging to manipulate a probability
measure into a more tractable form. Say we
wish to calculate the first central probability
moment of a random circuit U initialized in the
all-0 state producing a bitstring x, or
| (x| U |0) |*. We now exploit the channel-state
duality i.e. the Choi-Jamiotkowski
isomorphism'? to recast the probability as a
transition amplitude on 2 copies (“replicas”) of
the system:

| (x| U|0) |* = (x| U |0) (0] UT |x)
(2)
= (—1)* (xx|U @ UT |01)

We can construct a similar form for the XEB.
The canonical work behind XEB* defines the
metric with “cross” denoting the involvement
of two probability distributions (the circuit dist.
Py = {puv.}i and the sampler dist. Q = {¢;};)
involved:

XEB = —(In(¢;)) (3)

Pu,i

where 7 denotes a particular output string. The
logarithm can be Taylor expanded to take
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moments of the XEB; as nonlinear moments
are both subleading and may be generically
sample-inefficient to find, one often restricts to
the linear XEB

XEBj;, =

<Qi> PU,i (4)

The linear XEB over a unitary circuit is
given as

IXEB = ((xxxx| Vo VT @U@ U [0101))y
)

for a sampler V' whose output probabilities are
governed by the distribution Q.

We can then compute output-averaged
moments by averaging over circuit realizations
U and summing over output strings x. When
these circuits are drawn from the circular
unitary ensemble (CUE), such calculations are
done with Weingarten calculus', involving
integrals of matrix ensembles against a suitable
measure where the number of unitaries in the
integrand corresponds to the number of replicas

[ B Vsl Uit ©
CUE

This procedure which readily generalizes to
arbitrarily high replica number 2k for
computing (for example) central probability
moments p*. For random unitaries, we
specifically consider the Haar measure as the
measure of integration - that is, these matrices
are “Haar-random”.

It is useful at this point to introduce a
diagrammatic representation of what the
contributions to the integrals look like for
d — oo. Figure 1 illustrates what some of
these terms look like for p?. The circles each
represent a replica circuit with dynamics
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Figure 1: A diagrammatic representation of some random matrix terms. At infinite depth, we can treat the
whole random matrix distribution with Weingarten calculus formalism, but existing discrete random circuit
models do not admit tractable expressions for higher moments at finite depth.

moving forward in time (U) or time-reversed
(UT) - also referred to as‘left” or L replicas and
“right” or R replicas respectively - and a line
between two replicas indicates a nonzero
integral over them. Weingarten calculus
arguments tell us that we get k! of these states:
below each diagram is a notation similar to that
of field contractions in quantum field theory,
and as in that case our Weingarten integrals
ultimately amount to sums over the
“contractions” pairing all left and right replicas
for which there are k! terms.

While these techniques have found use in
studies of quantum chromodynamics as link
integrals and in random circuit dynamics,
applying to these techniques to discrete circuits
is difficult - it is equivalent to exactly solving a
Potts model with k! internal state for each spin.
This motivated the development of our model,
which maintains the Haar-randomness of the
generic CUE model while bypassing the
intractability of discrete circuit models.

The Brownian Approach
Model Description time ¢, — t; = At, with dynamics controlled
by a 2-body time-dependent Hamiltonian
- 8y
lo) s T2 7
|0) ¢2) ;
|0) |x3) a,B
10) - Js)
o). o) where ¢ is the Pauli matrix o € {1,2, 3}

Figure 2: A basic model of an all-to-all Brown-
ian circuit for n qubits with depth 7". Note that the
timestep At is eventually taken to 0, recasting the
circuit as a continuous Brownian process.

A circuit schematic of our model is shown in
Figure 2. Each unitary layer takes place over a
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applied to the ¢th qubit i.e. an operators of the
forml1 @I - ®0d @ Liy1--- ® I,. The key
to this model is the random couplings Jgﬂ (1),
which are Gaussian distributed and have a
variance given by

J

TS0 T (#)) = S baardip =

iJ i 5’

®)



where .J is some real constant. We can then
define our circuit as the product of discrete
unitary evolutions Uy, = e~ such that

9)

We can combine U and U terms by noting
that the effect of the time reversal is a sign flip
in the Hamiltonian, so we can write

5 B
HU—ZJa L_UZRU]R)
1<J
a75

(10)

We can sum over a replica index r ranging from
1 to k to a make a full Hamiltonian we will call
H. We are interested in the disorder-averaged
IXEB, so we take an expectation value over all
circuit configurations:

T
XEBj, = (xxxX|E; (H e AT} 10101)

=1
(11)

As our couplings are Gaussian distributed, the
expectation value takes the form of an integral
against a Gaussian distribution weighted by the
variance given above, which conveniently
converts the time evolution into a partition

IG™] = Zln TiTTT; . . .| €xp [—

(-cogenr)

+nT

>

ra<sb

where we see the action splits into a matrix
element part and a polynomial part. We can
approximately evaluate the former by finding
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ra<sb

function e~ erT with effective Hamiltonian
; 2
Harm LS (1 (z - ) + o
ra<sb i

12)

where we have dropped subleading terms in n.
Here, {a,b} = {L, R} and 1 < r, s < k denote
choices of replicas, with the restriction ra < sb
enforcing that the two choices much be
different.

Mean-Field Theory

We can recast the XEB into a path integral
via a change of variables, introducing the
mean-fields

Gﬁi’:%ZQm-ﬁ

where the vectors (2 are the Pauli matrices
converted into classical spins, and the
associated Lagrange multipliers F/%. This
allows for the construction of an action

I[F% G 035, and then applying the large n
limits allows for integrating out terms
dependent on 2 to leave only I[F% G%]. Wi
can then apply an Euler-Lagrange treatment to
force agﬂb = 0 and substitute in the result.
After completlng all the algebra, this produces

an CXpI‘CSSlOD

(13)

isb

> (=1 IGET G - Gian | 101..))

(14)
+ 9JnT

the largest eigenvalue )\, ;. of the operator in the
exponent and then replacing the operator with
this eigenvalue. This lets us commute the



exponential past the output state and evaluate
the natural log directly, thus yielding —nA ;..

Saddle Point Analysis

One could exactly diagonalize the matrix
part of the action without any consideration of
the underlying symmetries at play, but it is
instructive to instead use a judicious choice of
basis to block-diagonalize and then only exactly
diagonalize the singlet subspace. The simplest
choice to generate this basis is a generic spin
Hamiltonian Hy,, = AS, + BS? where S is
the total “spin” of the system of four replicas,
invoking the spectral behavior of a spin
addition problem. Taking the eigenstates of this
Hamiltonian and then block-diagonalizing
yields blocks of size corresponding to the
expansion of the tensor product
20202%2=>5d3%® 12 -i.e. each block
is a irreducible representation of SU(2).
Crucially, the entire effective Hamiltonian is
SU(2) invariant, so dynamics within each of
these subspaces can be treated separately. In
addition, the ground states of H., f f are total
spin singlets, so we may restrict our attention to
the 2x2 space 12 which is straightforward to
diagonalize to find the largest eigenvalue Ay .

When this eigenvalue is substituted into our

action, we get an expression I[J, n, T, G°]. We
can observe that by symmetry we expect
exchanging replica pairs to leave our action
invariant, and so we can define three cases we
wish to consider: the ladder case with
mean-fields L, the swap case with mean-fields
S, and the vertical case with mean-field V', each
of which we can evaluate separately. In the
large-n limit, the ground states are the mean
field values that extremize the action I. To
proceed, we solve the Euler-Lagrange equations
of motion g—é = 0 which yields saddle point
fields {L*, S*, V*} and the saddle point action
I* What we find in the case with no noise is
that there are two identical ground states where
I=0,VI=0at{-3,0,0}and {0, —3,0} and
an excited state with energy o< Jn at {0,0, —3}.
This means that, from the perspective of
mean-field theory, the contributions to our XEB
come equally from the ladder and swap saddle
points, combined in the same way one would
with different Boltzmann factors in a partition
function. This yields the expression

2
XEB = 27(1 R e (15)

which correctly reproduces the infinite-depth
value 2/2" as T — oc.

Extensions: Noise and 3-Body Interactions

With the background and model now
established, we can now consider extending
these tools to realistic problems of interest that
feature additional dynamics beyond the
simplest 2-body Brownian case considered
above. Here we discuss the addition of 3-body
interactions and depolarizing noise to the
model.

Noise

We begin by considering the impact of two
common noise channels on our model:
depolarization and over-rotation, applied in the
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configuration given by Figure 3. The former is
given by the Kraus operators

B 3vAt

Ey=14/1 I,

(16)

the effect of which is to isotropically drive each
qubit toward the maximally mixed state. As per
our noise configuration, turning on this noise
breaks exchange symmetry between U and V.



This symmetry breaking likewise breaks the
ground state energy - ongoing calculations
indicate that the swap saddle point now
acquires an energy  ~yn. The result is similar
for over-rotation: if we introduce a parameter
,u?jﬂ that represents the deviations in the
hardware from the ideal coefficients JZ-‘;B (and is
likewise a Gaussian distributed variable), we in
effect shift the 2-body coupling such that the
swap saddle point gains the energy o un.

Figure 3: Noise applied on the first run of the “lad-
der”. Note how this breaks the exchange symmetries
of the v, u = 0 case, meaning the ladder and swap
saddle points are now longer commensurate.

3-Body Interactions

Another natural extension of our model is to
increase the number of qubits that interact in
each term of the Brownian Hamiltonian. This is
done by simply constructing a Hamiltonian
with three Pauli matrices as well as a term with
two:

2
M 2k .
Hy=5- (Zairajrozw> (17)
1<g<m

T
aBy

Note the key difference that this contribution
is time-reversal symmetric (i.e. U = U”). As a
result of this time-reversal symmetry, this
circuit ensemble closely mimics the circular
orthogonal ensemble (COE) instead of the
CUE, producing an extra ground state given by
Figure 4. This shifts the mean field treatment as
(at O(n)) the Lagrange multipliers are now
quadratically dependent on the mean fields
instead of the linear dependence of the pure
2-body case. It also creates competing
dynamics between the 2-body and 3-body
terms. Intuitively, one would expect a
CUE-COE phase transition for the vertical
saddle point; we can examine this by
considering the singlet eigenvalues in the
mixed-body case:

A =6n(J + Mn £+ +/(2J —9Mn)?) (18)

When A, = A_, the ground state and first
excited state eigenvalues are equal i.e. there is a
level crossing; further, recall that when A_ = 0,
the vertical saddle point represents an stable
ground state solution. With some algebra, we
can see that we can pick out nontrivial points
for both these behaviors of M = % and
M = ﬁ respectively. This creates a phase
portrait with three regions: one region where
3-body dynamics act as a small perturbation on
the 2-body ground states, an intermediate
region ﬁ <M< % of competing dynamics
where the additional 3-body state emerges as a
ground state via a phase transition before
becoming progressively more excited, and a
region where this state’s energy is no longer

less than that of the lowest 2-body excited state.

Conclusion

Discussion

We have presented a pedagogic explanation
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of the theoretical workings of the Brownian
random circuit model. The simplicity of these
methods allows us to compute the noisy XEB at



e s5 0 o0

shared ground states

COE only ground state

Figure 4: Comparison of the ground states for the CUE and COE. Note that the time-reversal invariance of
the latter means U = U7, so the 3-body treatment adds the “vertical” configuration as an additional ground

state.

arbitrary depth 7" and moment k£ while
reproducing the standard results of random
matrix theory at infinite depth. Future work will
build directly on these results; in the noisy case,
this means incorporating channels such as
amplitude damping to further model the noise
profile of a quantum sampler. We are also
exploring applying the Brownian model to
higher or arbitrary XEB moments to explore
the behavior of these moments under the in the
presence of time-reversal invariant interactions
and realistic sources of noise. Finally, we will
apply this Brownian model to other random
circuit procedures - a promising candidate is
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Bell sampling!4, where a similar simplification
of dynamics to this work may allow for analytic
results about circuit fidelity that are currently
absent from the literature.
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