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Abstract

In the circular restricted three-body problem, low energy transit orbits are revealed by linearizing the governing dif-
ferential equations about the collinear Lagrange points. This procedure fails when time-periodic perturbations are
considered, such as perturbation due to the sun (i.e., the bicircular problem) or orbital eccentricity of the primaries.
For the case of a time-periodic perturbation, the Lagrange point is replaced by a periodic orbit, equivalently viewed as
a hyperbolic-elliptic fixed point of a symplectic map (the stroboscopic Poincaré map). Transit and non-transit orbits
can be identified in the discrete map about the fixed point, in analogy with the geometric construction of Conley and
McGehee about the index-1 saddle equilibrium point in the continuous dynamical system. Furthermore, though the
continuous time system does not conserve the Hamiltonian energy (which is time-varying), the linearized map locally
conserves a time-independent effective Hamiltonian function. We demonstrate that the phase space geometry of transit
and non-transit orbits is preserved in going from the unperturbed to a periodically-perturbed situation, which carries

over to the full nonlinear equations.
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1. Introduction

In recent decades, investigations of the circular restricted
three-body problem (CR3BP) from a dynamical systems
point of view have revealed an intricate fabric of mani-
folds woven between planets and moons (Conley, 1968,
1969; McGehee, 1969; Llibre et al., 1985; Koon et al.,
2001b; Jaffé et al., 2002; Astakhov & Farrelly, 2004;
Gomez et al., 2004; Dellnitz et al., 2005; Ross, 2006; Ross
& Scheeres, 2007; Gawlik et al., 2009; Topputo, 2013;
Oshima & Yanao, 2014; Onozaki et al., 2017; Todor-
ovi¢ et al., 2020; Ren & Shan, 2012). These manifolds
separate low-energy transit trajectories that successfully
pass through neck regions of permitted motion about the
Lagrange points, thereby travelling between phase space
realms of interest, from non-transit trajectories that fail
to pass through the neck regions. The phase space struc-
tures that separate transit and non-transit trajectories ap-
pear when linearizing the governing differential equations
about the system’s equilibria in the co-orbiting (rotating)
frame, the collinear Lagrange points (particularly L; and
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L,). Linearization nonetheless fails on generalizations of
the circular restricted three-body problem subject to time-
dependent perturbations, such as fourth-body effects (i.e.,
the bicircular problem) or orbital eccentricity of the pri-
maries, because the fixed Lagrange points are no longer
equilibria. Moreover, the instantaneous (moving) null
points of the time varying vector field are not trajectories
(Wiggins, 2003).

In this paper, we introduce a geometric framework for
analysis of transit phenomena in time-periodic restricted
three-body models like the bicircular problem (BCP)
or the elliptic restricted three-body problem (ER3BP)
as a natural counterpart to the time-independent circu-
lar R3BP (CR3BP). Higher-dimensional time-dependent
manifolds, which we refer to as Lagrange manifoldﬂ
dynamically replace the L; and L, points as the funda-
mental objects whose stable and unstable manifolds pro-
vide the template for low energy dynamical behavior near
the smaller primary. Under a time-periodic perturbation
of period T, the Lagrange manifold is a manifold in the
phase space diffeomorphic to S, that is, a periodic or-
bit with a (minimal) period equal to 7' (Guckenheimer

! As they are higher-dimensional analogs of the Lagrange points



2. Classi cation of orbits in the circular
restricted three-body problem

2.1. Equations of motion

The CR3BP models the motion of a small mass or test
particle mg in the gravity eld of two massive bodies
my > mp. Massesmy andm, orbit their common cen-
ter of mas® in circular orbits. We consider here only the
planar CR3BP wherey; is free to move throughout the

Figure 1: Schematic illustrating how the Lagrange manifold bifurcatis'sijt_n.]2 orbital plane. Generalizing the following theory to
as astrodynamical models go from simplest and least accurate at theﬁ? - tial CR3BP i traightf d in th
tom, increasing in delity to the real ephemeris. The bifurcation dis- € spatia IS very straightrorward In the unper-

cussed in this paper is the transition from the equilibrium point to thérbed case, and so we consider descriptions of the spatial
periodic orbit. unperturbed and perturbed cases to be beyond the scope
of the current work. The equations of motion are written

& Holmes, 2013). Additional perturbations, not considl @ rotating reference frame with origi. The x-axis of

ered here, would further alter the topology, as depictdtf otating frame coincides with the line betweepand
schematically in Figure 1. M, whereas thg-axis points in the direction of motion of

m, (see Figure 2).

Prior investigations into models more complicated than The non-dimensional equations of motion fwg in
the CR3BP have successfully found periodic and quaiie planar CR3BP (our focus here) are autonomous
periodic orbits in the vicinity of former Lagrange poimé-_lamllton's canonical equations with Hamiltonian func-
by employing single shooting or multiple shooting algdion (Koon et al., 2011),
rithms (Gomez et al., 2003; Jorba et al., 2020). Studies 12 4 2 1 2,
have found quasi-periodic orbits on the center manifolds Herasr = 3(Px*+ By) - XPy +y P o (1)
of these dynamical replacements (Jorba et al., 2020) %}‘fjere
have numerically demonstrated associated transit phe- q q
nomena (Jorba & Nicéls, 2020; Paez & Guzzo, 2021). = (X+ 2)2+y2 1= (X  1)2+yZ% (2

In this paper, we demonstrate that the linear dynamith ;=1 and ,= the non-dimensional masses of
ics corresponding to transit and non-transit behavior im andm,, where = mpy=(m;+my) is the mass parameter.
T-periodically-perturbed versions of the CR3BP can be
reduced to a linear tim&-map with the same dynamics
and geometry as that in the unperturbed CR3B#s is
a signi cant simpli cation for understanding the geome-
try of transit orbits as results from several decades ago
carry over in a straightforward manner, without requir-
ing higher-order expansions. In the phase space of the
map, the Lagrange manifold periodic orbit corresponds to
an index-1 xed point with a 1-dimensional stable mani-
fold and 1-dimensional unstable manifold. Construction
of transit and non-transit orbits follows from established
methods dating to Conley in the 1960s (Conley, 1968,

1969). The geometry in the linearized regime extends to

the full nonlinear system, where the linear symplectic map

near the Lagrange manifold will be replaced by a nonlin-

ear symplectic map. Finding this nonlinear map is not our

current goal, but is an objective for future research. Ac-

cording_to a theore_:m by Moser, the I_inear map prOVidg@ure 2: The models considered, viewed in them, barycentered
the basic geometric picture that carries over to the naferage rotating frame.

linear case (Moser, 1958, 1973). We demonstrate our
sults by considering transit orbits near the Earth-Mbgn
cislunar point, the closest Lagrange point to Earth andrhe CR3BP, as an autonomous system, has ve equilib-
likely future hub for a space transportation system (Corim points called_agrange pointsas viewed in the rotat-
don & Pearson, 2001; Lo & Ross, 2001). ing frame, as shown in Figure 3(a). The three equilibria

%% The Lagrange points
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lying on the x-axis, L1, L, andLs, are index-1 saddle
collinear points the remaining two, which form equilat-
eral triangles withmy andm,, are thetriangular points
(center center points for . 0:039). Because of their
connection with low energy orbits via transit from orbits
aboutm, and aboutm; and vice-versa, we focus on the
collinear points.

2.3. The Hill's region and the Hamiltonian energy

Trajectories of the CR3BP conserve the Hamiltonian en-

ergy, Hcragp = E, whereE 2 R is the initial Hamilto-

nian energy. TheHill's region is the subset of position (@)
space throughout whicinz has enough energy to travel.

The boundary of thélill's region, beyond which lies the

forbidden realmis called thezero-velocity surface the

spatial case andero-velocity curven the planar case

(Szebehely, 1967). The qualitative characteristics of the

corresponding Hill's region naturally assighto one of

ve di erentintervals (see Figure 3(b)):

1. ForE < E;, mg is con ned to either a subset of po-

sition space aroundy (the my realm), a subset of

position space arounah, (the m, realm), or a sub-

set of position space outsiag andn, (the exterior

realm). In this situationmz cannot cross between

any of the three realms. (b)
2. ForE; < E < E, aneck regioropens up around the

Ly point that permits travel between thg andm, Figure 3: (a) The Lagrange points of the CR3BP for 0:3. (b) The
realms ve cases of the energetically accessible regions (i.e., Hill's region) by

. CR3BP Hamiltonian energy.
3. ForE; < E < I.E3’ another r}eck region opens u%igenbasis with corresponding coordinates and momenta
ﬁ]r:;:g (tar;tde_rzioprorlgéltnﬁ? permits travel between th?ql; P1; O2; p2), the linearized equations simplify to,
4. ForEjs < E < E4, yet another neck region opens up = Ch, PL= P
around thel; point that permits travel between the _ _ ()
my and exterior realms. @= P2 2= G

5. ForEs < E, the forbidden realm completely disapyhich are Hamilton's canonical equations with corre-
pears. sponding quadratic Hamiltonian function,
Thus, regions around the collinear Lagrange points play

- 1 2 2y.
an important role in controlling transit between realms. Ho= qupi+ 3 (G2 + P2): (4)

We typically consider the second or third cases, in which o ) L . .
transit between realms is possible but is governed by mAN- (3) is linear, its solution is readily obtained and must

ifold structures associated withy and in the latter casetOnserve the quadratic Hamiltonian function (4).
L,.
2.5. Geometry of the linearized equilibrium region

2.4. Linearization abouk; andL,

The two canonical planes associated with (3) are un-
Linearizing the Hamilton's equations abaut or Ly, the coupled: theg;-p; canonical plane has saddle behavior
eigenvalues of the linear system are a purely real paithereas thep-p, canonical plane has center behavior, as
, and a purely imaginary pair,i , where ; > shownin Figure 4.

0, which makes such points index-1 saddles (MarsdenChoose a xed, smal > 0 such thatH, = h. Because

& Ratiu, 1999). The corresponding generalized eige%—(qﬁ + pg) 0, a forbidden region in the saddle pro-
vectors, when properly re-scaled, providesyamplectic jection arises for each. The boundary of the forbidden
eigenbasis (Zhong & Ross, 2020). In the symplectiegion is given by the hyperbolagp; = h=; the shape
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3. Lagrange manifolds in periodically-perturbed systems

3.1. Periodically-perturbed systems

In the analysis which follows, we consider periodically-
perturbed non-autonomous dynamical systems of the
form,

x=F(x;t; ); wherex2U R" t; 2R: (5

whereF is periodic in timet; that is, there exists a minimal
periodT such that~(x;t; ) = F(x;t+ T; ) for all t, and
is a perturbation parameter such tidk;t; ) ! f(x)
as ! 0, wheref is an autonomous system. A special
form of F(x;t; )is f(x) + g(x;t; ), whereg(x;t; )! O
as ! 0.
Floure 4 1 i ceerica ples o e namice 1 e SITHECE |1 a periodically-perturbed system, we can de ne the

beled T transit from one realm to another, while those labeled NT donBflaseas = !t mod 2, where! = 2=T. The system
can then be written in autonomous form,
of the area outside this boundary reproduces the neck re-

gion found in the full equations of motion (Conley, 1968), x=Fx ;) ©)
as shown in Figure 4. =1,

For some small constant> 0, initial conditions along ] ] ) .
the linep; a = +clie entirely within one realm whereagvhere we note that time has been turned into a cyclic vari-
initial conditions along the lin@; g = clie entirely aPle, 2 st
within the other. For details, see Koon et al. (2011) and
references therein. We refer to these boundaries asd 3.2. Flow maps

n,, respectively (see Figure 4). Consi . . _—
i : : ... Consider an arbitrary trajectory of the system (5) with ini-
Orbits present in the neighborhood of the ethbnu@iwal conditionx(to) :yxo. JDe ngthe corr)(/aspon((dir)lg ow
point can be classi ed (Conley, 1968) according to the ap, (), as

behaviors in the saddle projection (see Figure 4):

1. The point at the origin of the saddle projection corre- X(to) 7! (1) = (t;to; Xo): Q)
sponds to the center manifold of the Lagrange point. consider the family of timé stroboscopienapsP, :
Each trajectory within the center manifold is a plaj 1 |y de ned as,
nar periodic orbit called &yapunov orbitabout the
equilibrium point. Xo 7! Py (Xo) = (to + T;to; Xo): (8)

2. The q;-axis and thep;-axis of the saddle projec-
tion correspond to trajectories that asymptotical
approach the Lyapunov orbits &4 1  ort !
+1, respectively. These sets of trajectories are t
unstable and stable manifoldsespectively, of the
Lyapunov orbit of energ¥y, or, together, thasymp-
toticorbits -~~~ | Xo 7! Plx0) = (to Tito; o). ©

3. The hyperbolic trajectories in the rstand third quad-
rants, when integrated, intersect bgth q = +c 3.3. State transition and monodromy matrices
andp; ;= c. Because they pass from one realm
to the other, they are callethnsit orbits The state transition matrix (t;tp; Xo) linearly approxi-

4. The hyperbolic trajectories in the second and fourthates the ow map, (t;to;Xo). That is, it maps how
quadrants are unable to intersect bpth g, = +c trajectories slightly displaced from a reference trajectory
andpy g1 = c. Asthey do not pass from one realnX(t) evolve from timety to t. For simplicity of notation,
to the other, they amgon-transit orbits the dependence of the state transition matrix on its initial

) o ] ) . ] . conditionxg = X(tp) is suppressed. For (5),(t; to) is the
This qualitative picture in the linearized case carries oV&|,tion to the initial value problem
to the nonlinear setting via a theorem of Moser (Moser,
1958, 1973). (tto) = DF(X();t; ) (tto);  (tosto) = In;  (10)

r a time-periodic Hamiltonian systei, is a symplec-
Ic, stroboscopic map of the phase space over one period.
Hecan equivalently be written with the parameter as the
initial phase o = ! tp asP ,. Note thatP;,(xo) has an
inverse,
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